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Random experiment and random source of data

S : outcome space , i.e., the set of possible outcomes s of the random experiment;

JF : space of events (or results) of interest , i.e., the set of the combinations

of interest where the outcomes in .S can be clustered:

P(-) : probability function defined in F that associates to any event in F

a real number between 0 and 1.

E=(S,F,P(:)) : random experiment

Example: roll a dice with six sides to see if an odd or even side appears =
e S =1{1,2,3,4,5,6} is the set of the six sides of the dice;

o F={A B,S 0}, where A ={2,4,6}and B = {1,3,5} are
the events of interest, I.e., the even and odd number sets:

e P(A) = P(B) = 1/2 (ifthe dice is fair), P (S) = 1, P (()) = 0.
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A random variable of the experiment £ is a variable v whose values depend on the
outcome s of £ through of a suitable function ©(-) : S — V', where V is the set of
possible values of v:
v=(s)
Example: the random variable depending on the outcome of the roll of a dice with

six sides can be defined as
+1  ifse A=1{2,4,6}

v =¢(s)
-1 ifse B=41,3,5}

A random source of data produces data that, besides the process under
investigation characterized by the unknown true value 6, of the variable to be

estimated, are also functions of a random variable; in particular, at the time instant ¢,

the datum d(t) depends on the random variable v(%).
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Random experiment and random variable:
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Random source of data:

Random
experiment

Outcome of £

“True” G
(0)

Random

variable (noise)

bf >

d (t) U “Re_al” actual datum
O (noise-corrupted)

parameter l

7 ()

Parametric model “ldeal” datum
of the system (noise-free)

01RKYQW / 01RKYOQV - Estimation, Filtering and System Identification 4



&4 B 52
% Politecnico di Torino - DET

Probability distribution and density functions

Let us consider a real scalar variable € R.
The c.d.f. or cumulative (probability) distribution function F():R—R
of the scalar random variable v is defined as:

F(zx) =P < x)

Main properties of the function F'(-):
o F(—o0) =0

F(a™) = F(x)

° P(Zlil <U§£E2) :F<$2)—F(£IZ1)
o Plx1 <v<ux9)=F(xg) — F(x7)
e F'(-) is almost everywhere differentiable
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The p.d.f. or probability density function  f(-) : R — R is defined as:

fla) = 2

Main properties of the function f(-):
o f(r) >0, VreR

o f(r)de =dF(x) = P(x <v < z+dx)
o [ f(x)dx =1
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Example: normal or Gaussian p.d.f. f(z)
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Example: a scalar Rademacher random variable v is a binary random variable with

(1/2, fe=—1 (0, Vr<—1 X

Plv=x)=411/2, ifz=1 F(x)=41/2,Vze[-1,1) f(x)==[0(z+1)+(x—1)]
. 2

0, otherwise \ 1, Ve >1

Rademacher cumulative distribution function Rademacher probability density function

‘ ‘ ‘ Om——— w w w w w
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Characteristic elements of a probability distribution

Let us consider a scalar random variable v.

Mean or mean value or expected value or expectation :

_E@%:/+mxf@0dx:

— OO

Note that F |-] is a linear operator, i.e.. F' |[av + 8] = aF [v]| + 8, Va,p € R.

Variance:

Vmﬂ]:EBv—EWW}:/‘

— 0

Standard deviation or root mean square deviation

oy =/ Varv] >0
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k-th order (raw) moment :

In particular: mg [v] = E[1] =1, m [v] =

k-th order central moment :

In particular: gy [v]| = E 1] =1, uy [v] = Elv — E |v]]
py o] = B (v = B[e])*| = Var o] = o
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Vector random variables

A vector v = (V] Vg - - vn]T Is a vector random variable if it depends on the
outcomes of a random experiment & through a vector function ¢ (-) : S — R" such that

90—1(1}1 <x1,02 < To,...,0p < xp) €EF, VYr=|r1 22 - :Un]TE]Rn

The joint cumulative (probability) distribution function F():R"™ — |0,1]
Is defined as:

F(xy,...,2,) = Pvy <x1,02 < To,...,05 < Xp)

with x1, ..., T, € R and with all the inequalities simultaneously satisfied.

The i-th marginal probability distribution function F;(-) : R — [0, 1]
Is defined as:

Fi(x;) F(4o00,...,4+00,z;,400,...,+00) =
:rl ntz

7

Pv1 <o00,...,0i—1 < 00,0 < Xi, Vig1 < 00,...,U0, < 00)
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The joint p.d.f. or joint probability density function — f(:) : R™ — R is defined as:

 O"F(x1,...,7n)
f@1s- ) = Ox1 0xo - -+ Oxy,

and it is such that:

flz1,...,xn)dr1dxs - - dr, = P(ri<vi<zi +dz1,...,0n <vp <xTp + dz,)

The ¢-th marginal probability density function  f;(+) : R — R is defined as:

fi(x;) = T f+oo flz1,...,2p)dzy -+ dri_1dxipr -+ doy

— 0 — 0
\ J/
N

n—1 times

The n components of the vector random variable v are (mutually) independent
statistically independent or stochastically independent if and only if:

fxr,... xn) =11, fizs), foralzy,...,x, €R
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Mean or mean value or expected value or expectation :

E[v]=[E[v] Ejva] -+ E[vy]]’ €R*, E[uj]

Variance matrix or covariance matrix :

¥y = Varv|=E {(v — E)) (v — E[U])T}
[gn (@ = E[]) (x = E[])" f(2) dv e R

Main properties of >, :
e itis symmetric, i.e., Xy, = 22
e it is positive semidefinite, i.e., 22, > 0, since the quadratic form
'S,z =F [(xT (v—F [v]))Z] >0, VreR"
the eigenvalues \;(X,) >0, Vi=1,...,n = det(X,) =[]/, Mi(Zv) >0
2u];; = E |[(vi—E [vs]) ] =0, = 02 = variance of v;

[(vi— E [vi]) (v [ i) = o, ;v; = 04 = covariance of v; and v;
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>y IS positive semidefinite, i.e., 22, > 0, since the quadratic form

2Tz = 2TE [(v _EP)(v—E [v])T] r=FE [ 2T (v — Bl (v Ev[fu])T z ]

scalar quantity a scalar quantity @ £’

—E[@T(U—E[U]))ﬂ >0, V&cR"

~~

scalar quantity a2 >0

Example of positive definite 3, : [ (1) (1J ] =0 Example of positive semidefinite 32, : [ é g ] >0
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&
S e [([? e (-] |-
e e [ P

(v1 —01)° (v1 —v1) (v2 — 52)_]

| (v2 = D2) (v1 —71) (v2 — U2)*
E (v = 71)°) E [(v1 —01) (v2 — To)]
E (v —v1) (v2 —v2)]
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Correlation coefficient and correlation matrix

Let us consider any two components v; and v; of a vector random variable v.

The (linear) correlation coefficient Pi; € R of the scalar random variables v; and (o
Is defined as:

E(vi—E [vi]) (v; = F [v)])] _ 0

\/E [(vi—E [vi])ﬂ \/E [(vj_E [vj])ﬂ 0;0;

Pij

Note that ‘P¢j| < 1, since the vector random variable w = |v; fuj]Thas:

2
o 00
Yw =Var|w] = ’ Pij 7193

Pij 0i0

:(1—,0@2]-)0220520 = pgjgl
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The random variables v; and v; are uncorrelated if and only if p;; = 0,
e, ifandonlyif o;; = E [(v;—E |v;]) (v;— E |v;])] = 0. Note that:
pij =0 < FElvw]=Elv| Elv;
0ij = E|(vi—Elv]) (vj = Elvj])| = Elvjvj —vi Elvj] = Elvi| vj + Elvi] Elvs]] =
= Elvivj]| =2Evi| Elvj |+ Elv;] Elvj] = Elvivi] = Elvi| E[v;] =0 < Elvivj] = Elv;] Elvj]
If v; and v; are linearly dependent , i.e., v; = av; + B Va,B € Rwith a # 0,

_ @ : +1, ifa>0

and then |p. .| =1: in fact:
—1, ifa<O0 |p”|

E[U?—QUiE[’Ui]—I—E[U,i]Q} :E[U?]_QE[’Ui]Q—l—E[UZ']Q:

=F [aZ (’Ui—E[’Ui])Q} —o’E [(U@-E[U@])Q} =a?0? =0=|alo;
[vivj]— Elv;] E[vj] = Elv; (aw;+8)] — Elv;] Elawv; + ] =
= aE[v2] 4+ BE[v;]— E[vi](aE[vi]+8) = aE[v?] —aE[v;]* =a [E [v2] —E[vi]Q] = ao?

1
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Note that, if the random variables v; and v; are mutually stochastically independent,
they are also uncorrelated, while the converse is not always true.

In fact, if v; and v,; are mutually stochastically independent, then:
—+ o0 —+ o0
E [?J{Uj] = / / ZEZ'ZI?j f([lfz, ZEj) dZEZdZE] —
— OO — OO

+oo  pto0
- /+gg /_OO xixy fi(xi) fi(x;) duidr; =

+o00
= / i fi(;) d%'/ zj fi(x;) de; =

— 0

= E'lvi] E[v;]

If v; and v; are jointly Gaussian and uncorrelated, they are also mutually independent.

01RKYQW / 01RKYOQV - Estimation, Filtering and System Identification 18



8% politecnico di Torino - DET M. Taragna

Let us consider a vector random variable v = [vl V9

The correlation matrix  or normalized covariance matrix  p,, € R™*" is defined as:

P11 P12 ° Pin 1 P12 Pin
P12 P22 ° P2n 1 "t Pan

_ Pin Pan

Main properties of p,,:

® itis symmetric, i.e., p,, = pf

e itis positive semidefinite, i.e., p,, > 0,sincez’ p,z >0, Vr c R"
e the eigenvalues A\;(p,) > 0,Vi=1,...,n = det(p,) =[[_, Ni(p,) >0

O
¢ [pv]ifi, = Pii — 5 —

g;

| [pv]ij = Pi; = correlation coefficient of v; and v, ) ;é 7
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Relevant case #1.: if a vector random variable v = [ful Vg - vn]T IS such that
all its components are each other uncorrelated (i.e., 0;; = p;; = 0, Vi =£ 3), then:

oz 0 - 0

0 o5 -+ 0
Z’U : : _ : :diag(af,ag,---

_ ]TLX’)’L

O 0 --- 1
Obviously, the same result holds if all the components of v are mutually independent,
since in general the independence is a much stronger property than the uncorrelation.
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. : T .
Relevant case #2: if a vector random variable v = [ful Vg - vn] IS such that
all its components are each other uncorrelated (i.e., 0 =p;; = 0, Vi 7) and
have the same standard deviation (i.e., 0; = o, V1), then:

o2 0 --- 0
0O o2 --- 0

2
— 0 In><n

O 0 --- 1
Obviously, the same result holds if all the components of v are mutually independent.
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Gaussian or normal random variables

A scalar Gaussian or normal random variable v is such that its p.d.f. turns out to be:

V2o, 202

and the notations v ~ N (?7, 0%) orv ~G (27, 012)) are used.

f(x) = ! exp ( (z ~7) ) . with v = E[v] and 02 = Varv] >0

If w = av + B, where v is a scalar normal random variable and «, 8 € R, then:

W NN(ZI_J,U?U) :N(a@—kﬂ,aQU%)

—v
note that, if « = — and S =—, then w ~ N (0, 1), i.e., w has a normalized p.d.f.
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The probability P, that the outcome of a scalar normal random variable v differs
from the mean value v no more than k times the standard deviation o, is equal to:

P.=Pv—k-o,<v<v+k-0,)=P(lv—9<k-0,) =

21—2-\/%/;06@(%2) dr = 1— erfc(%) = m(%)

— =

complementary error function error function
In particular, it turns out that:

Py

68.27%
95.45%
99.00%
99.73%

and this allows to define suitable k-0 confidence intervals of the random variable v.
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1-0 confidence interval for a normal p.d.f. f(z) (v =2,0,=1) 2-0 confidence interval for a normal p.d.f. f(z) (v =2,0, = 1)

0.4 T T T T T T 0.4 T T T T T

6
x

3-0 confidence interval for a normal p.d.f. f(z) (v =2,0,=1)
0.4 T T T T
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A vector normal random variable v = [ful Vo - - vn]T IS such that its joint p.d.f. is:

1 1
exp(— = (z—0) 271 (z —0)

(2m)™/? \/det =, 2 ’

where v = E [v] € R™ and ¥, = Var [v] € R™*", with 3, > 0.

n scalar normal variables v;, 2 = 1, ..., n, are said to be jointly Gaussian
. . T .
If the vector random variable v = [ful Vg =+ - fun] IS normal.

Main properties:

e ifvy,...,v, arejointly Gaussian, thenany v;,2 = 1,...,n, is also normal,
while the converse is not always true

e ifvy,...,v, are normal and independent, then they are also jointly Gaussian

o ifvy,...,v, are jointly Gaussian and uncorrelated, they are also independent
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Bivariate normal p.d.f. f{x) for X, = {

10
0 6

10
0 8

Bivariate normal p.d.f. f(z) for ¥, = {

Bivariate normal p.d.f. f(z) for ¥, = {
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Bivariate normal p.d.f. f{x) for X, = {

10
0 6

10
0 8

Bivariate normal p.d.f. f(z) for ¥, = {

Bivariate normal p.d.f. f(z) for ¥, = {
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(Pseudo) random variables with MATLAB

rng (’'default’); resetsthe random number generator to the default startup settings,
so that rand and randn produce the same random numbers as if you restarted MATLAB

r=rand(szl, ...,szN); returnsa szl-by-...-by-szN array of pseudorandom
uniform values drawn from the univariate standard uniform distribution on the open interval |0,1]

r=a+ (b—a) xrand(szl,sz2); returnsa szl-by-sz2 matrix of pseudorandom
uniform values drawn from the univariate uniform distribution on the open interval |a, b|

r=randn(szl, ..., szN); returnsa szl-by-...-by-szN array of pseudorandom
normal values drawn from the univariate standard normal distribution A/ (0, 1)

r=a*xrandn (szl, sz2)+b; returnsa szl-by-sz2 matrix of pseudorandom
normal values drawn from the univariate normal distribution N(b, a2)

r=mvnrnd (mu, SIGMA) ' ; returns a n-by-1 pseudorandom normal column vector drawn
from the multivariate normal distribution /' (mu, STGMA), where mu is a 1-by-n row vector
and SIGMA is a n-by-n symmetric positive semidefinite matrix
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